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Abstract: This work is concerned with the design of robust control systems for multivariable time-delayed
plants using the Method of Inequalities (MOI). It is an extension of previous applications in that the time
delays are not approximated by rational functions. A further extension is that the designed systems were
required to satisfy certain robustness conditions. This assures guaranteed stability and performance for
uncertain systems.
Admirable qualities of the method are that it facilitates the design of simple controllers of predetermined
structures, such as decentralized controllers, while allowing multi-objective specifications.

1.0 INTRODUCTION
The Method Of Inequalities (Zakian, 2005; Zakian, 1996;
Taiwo, 1980; Zakian, and Al-Naib, 1973) uses numerical
algorithms to solve the set of inequalities which characterize
desired system performance and stipulated constraints.
The Simulink software utilized in this work facilitates exact
representation of time delays in the design. The boundedness
of the closed loop systems is guaranteed by checking the
abscissa of stability of the transcendental characteristic
equations and ensuring that it is negative. Satisfactory results
have been obtained even for cases where initial controller
parameters give rise to unstable closed-loop systems. Such
systems are first stabilized using the moving boundaries
process (MBP) available in MOI. System stability is thus
always guaranteed using this method. Some case studies have
been presented to show the applicability of this method to the
design of robust control systems involving diagonal
(decentralized) and full proportional plus integral controllers.
The work is an exposition of the versatility of MOI in
designing effective decentralized controllers for both nominal
and uncertain systems.
2.0 PROBLEM FORMULATION
Figure 1 shows the basic control structure for feedback
control. The controller and plant transfer functions K(s,p) and
G(s) respectively are, in general, matrices of appropriate
dimensions. The signals r(s), d(s) and y(s) respectively
represent the input, disturbance and output vectors.
The objective is to compute the controller satisfying specified
performance specifications and stipulated constraints.
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Fig. 1. Basic Control Structure Of Feedback Control

For two-input, two-output plant, the decentralized PI
controller takes the form
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The vector of performance functionals and constraints used
is:
Φ = (ov1, rs1, s1, ov2, rs2, s2, int21, int12, µrs, µrp , ε)

(2)

where ov, rs, s denote the overshoot, rise time and settling
time respectively. The subscript represents the loop; intab (a
≠b) denotes the interaction for the unit step response of ya

to rb. The parameters ε, µrs, µrp denote abscissa of stability,
maximum structured singular values (µ) for robust stability
and robust performance respectively.
The full PI controller for a two-input, two-output plant is
given by:
K(s,p) = ⎛⎜ p1 s + p 2
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To guarantee stability at every iteration, we introduce the
inequality:
Φm+1(p) ≤ ε,

(8)

where the abscissa of stability, ε < 0. For computing
purposes, we set ε to a value of -0.01 in this work.
Furthermore, Φm+1(p) is evaluated using the equation:

3.0 SOLUTION METHOD
Having specified the controller type, the controller design is
started by entering an initial controller vector p°. Assuming
the system is closed-loop stable, the performance functionals
and constraints are easily evaluated from the simulation runs
in the Simulink environment using the appropriate algorithms
in MOI.
3.1 Testing for Closed-loop Stability
Recall that for closed-loop stability, all the roots of the
transcendental characteristic equation
| I + GK| = 0

then p~k is accepted and becomes the new point pk+1. If (6)
does not hold, another trial point is investigated until success
defined by (6) occurs. The process continues until the
inequalities are solved or the maximum number of iterations
has been reached.

(4)

must lie in the open left-half plane where I is an n× n identity
matrix depicting the dimension of the system.

Φm+1(p) = max {Re[λi(p)]}

(9)

Where λi(p) are the roots of (4).
3.2 Design for Robustness
To design for robustness, we redraw the MIMO system as a
block diagram with input uncertainty and with external inputs
as shown in Fig. 2.
The weighting functions w1 and wp are chosen to characterize
the effect of uncertainties in the plant input and output
respectively (Gu, et al, 2005). The input and output to the
system are r and θ respectively. We assume that there is a
multiplicative input uncertainty to the plant as shown in Fig.
2. The input weight is given as |w1| I where, following Taiwo
and Krebs (1996)

If the maximum value of the real part of the roots above is
greater than the stability margin, the Moving Boundaries
Process (MBP) (Zakian, 2005) is used to stabilize the system.

w1 = 0.1(5s+1)/(0.4s+1)

(10)

r

For a dynamical system, the desired performance and
stipulated constraints can be expressed in terms of a
conjunction of inequalities
Φi(p) ≤ ci

i =1,2,…m

i =1,2,…m

∆
G
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where
if Φi(pk) < ci
if Φi(pk) > ci
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K
Fig. 2. Block Diagram of plant with input uncertainty and
with external inputs

This means that the error in the input is more than 100% at
high frequencies and up to 10% at steady state. The
performance weight is given by wpI where
wp = 0.34(15s+1)/15s

cik = ⎧⎨ c i
k
⎩Φ i ( p )

wp

(5)

where p is a vector of controller parameters and ci is a real
number representing numerical bounds on particular aspect of
dynamical behavior represented by Φi(p) . In order to solve
(5), if pk denotes the kth successful trial value of p, then a
suitable technique such as the Rosenbrock (1960) search
algorithm is used to generate a new trial point p~k and with
the aid of Simulink and Matlab routines in MOI, the vector of
performance functionals Φi(p~k) is evaluated. If p~k is such
that
Φi(p~k) < ci k

w1

(7)

(11)

The integral action in (11) ensures no steady state error for
step inputs and the factor 0.34 indicates a maximum high

frequency error amplification of just less than 3. We now
reduce the model in Fig. 2 to a Linear Fractional
Transformation (LFT) model in Fig. 3 so that Doyle’s
structured singular value (µ) analysis (Taiwo and Krebs,
1996) could be applied. The matrices, ∆ and M in the LFT
structure of Fig. 3 are easily derived:
− w KSG w1 KS ⎤ ⎡M11 M12 ⎤
M = ⎡⎢ 1
=
⎥ ⎢
⎥
⎣ − w p SG w p S ⎦ ⎣M 21 M 22 ⎦

(12)

where S is the sensitivity function:
S = (I + GK)-1

(13)

And ∆ takes the form:

∆=

⎡∆1 0 ⎤
⎢0 ∆ ⎥
2⎦
⎣

(14)

Since the actions of the actuators are usually independent of
each other, it is reasonable to model the perturbation ∆1 as a
diagonal 2×2 block while ∆2 ,which depicts a fictitious
perturbation, is a full 2×2 block. If µrs and µrp are the
maximum structured singular values of M11 and M
respectively, then the conditions for robust stability and
robust performance are such that:
Robust stability: µrs < 1
Robust performance: µrp < 1

Example 1: The plant transfer function for the methanolwater distillation column modeled by Wood and Berry (1973)
is:

⎡ 12.8e − s − 18.9e −3s ⎤
⎢
⎥
21s + 1 ⎥
G( s) = ⎢16.7 s−+7 s1
−3 s
− 19.4e ⎥
⎢ 6.6e
⎣⎢10.9s + 1 14.4s + 1 ⎦⎥

(17)

For the decentralized PI controller, the performance bounds
are:
c1= 0.2, c2= 15, c3= 32, c4= 0.2, c5= 15, c6= 32, c7= int21=0.5,
c8= int12=0.5, c9=1, c10= 1, ε = -0.01, where c1 and c4 denote
the overshoot in loop 1 and loop 2, c3 and c6 denote the
settling time in loop 1 and loop 2, c2 and c5 denote the risetime in loop 1 and loop 2, int21 denotes the interaction for the
unit step response of y2 to r1, ε denotes the stability margin,
c9 and c10 denote bounds on µ values for robust stability and
performance respectively. The initial controller parameters
are p°= [0.1644 0.0179 -0.0581 -0.0093]. After 49 iterations,
the final controller parameters are p = [0.2219 0.0211
-0.0748 -0.0120]. The vector of performance functionals is
Ф = [0 9.2450 33.0943 0.0339 11.2162 31.9481 0.4891
0.3614 0.2596 0.9932 -0.0369]. It is clear that the system has
both stability and performance robustness. The closed-loop
system responses using this diagonal PI controller are shown
in Fig.4. In all the figures, σij denotes the unit step response
of yi to rj.

(15)
(16)

The µ-analysis and synthesis toolbox in MATLAB was used
for computing the structured singular values for robust
stability and performance. These are added as constraints in
the determination of controller parameters using the Method
of Inequalities.
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M

Fig. 3. Linear Fractional Transformation, ∆-M structure for
studying effect of uncertainty on stability or performance.

4.0 ILLUSTRATIVE EXAMPLES
Eight case studies of robust control of MIMO systems with
time delays are hereby given using the Method of
Inequalities.

Fig. 4. Closed-Loop Response using Decentralized
Controller for the Wood and Berry Plant.
For the full PI controller, the performance bounds are :
c1= 0.1, c2= 10, c3= 25, c4= 0.1, c5= 10, c6= 25, c7=int21
=0.55,c8= int12=0.55, c9=1, c10= 1, ε = -0.01. The initial
controller parameters are p°= [0.1778 0.0194 0 0 0 0 -0.0959
-0.0153]. After 41 iterations, the final controller parameters
are p = [0.1789 0.0194 0 -0.005 -0.02 0 -0.0959 -0.0153].
The vector of performance functionals is Ф = [0.0045 9.9881
28.8233 0.1015 9.4125 27.8633 0.4503 0.3849 0.2997 1.0698
-0.0378]. It is clear that the system has stability robustness
and marginally exceeds the performance robustness

constraint. Fig. 5 shows the responses obtained with this full
PI controller.

Fig. 6. Closed-Loop Response using Decentralized
Controller for the Norfeldt and Hagglund Plant.
Fig. 5. Closed-Loop Response using Full Controller for the
Wood and Berry Plant
Example 2: The plant transfer function for the plant modeled
by Nordfeldt and Hagglund (2006) is :
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⎢ 1e
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A similar procedure as for example 1 was used here. For the
decentralized PI controller, the performance bounds are:
c1= 0.2, c2= 3, c3= 12, c4= 0.2, c5= 3, c6= 12, c7= int21=0.5,
c8= int12=0.5, c9=1, c10= 1, ε= -0.01. The initial controller
parameters are p°= [0.5465 0.0792 0.205 0.0457]. After 34
iterations, the final controller parameters are p = [0.5627
0.0816 0.205 0.0457]. With µrs=0.2796 and µrp =0.9971, it is
clear that the system has both stability and performance
robustness. The closed-loop system responses using this
decentralized PI controller are shown in Fig. 6.
For the full PI controller, the performance bounds are:
c1= 0.2, c2= 10, c3= 25, c4= 0.2, c5= 10, c6= 25, c7= int21=0.5,
c8=int12=0.5, c9=1, c10=1, ε= -0.01. Note that some of the
bounds have been increased here since they were not satisfied
by the decentralized controller. The initial controller
parameters are p°= [0.5781 0.0816 0 0 0 0 0.2050 0.0457].
After 75 iterations, the final controller parameters are p=
[0.6169 0.0816 -0.0163 -0.0022 -0.0500 -0.0059 0.1967
0.0462]. With µrs=0.2746 and µrp =0.9844, it is also clear that
the system has both stability and performance robustness.
Fig. 7 shows the responses of the closed-loop system using
this full PI controller.

Fig. 7. Closed-loop Response of Nordfeldt and Hagglund
Plant using Full Controllers
Example 3: This example demonstrates the scenario where
the initial parameter vector results in a closed-loop unstable
system. The plant transfer function (Luyben and Vinante,
1972) is:
⎡ − 2 .2 e − s
⎢
G ( s ) = ⎢ 7 s +−11.8 s
⎢ − 2.8e
⎢⎣ 9.5s + 1

1.3e −0.3 s ⎤
⎥
7s + 1 ⎥
− 0.35 s
4.3e
⎥
9.2 s + 1 ⎥⎦

(19)

For the decentralized PI controller, the performance bounds
are: c1= 0.2, c2= 3, c3= 12, c4= 0.2, c5= 3, c6= 12, c7=
int21=0.5, c8= int12=0.5, c9=1, c10= 1, ε= -0.01. The initial
parameter vector, p° = [-1 -1 2 -2] resulted in a closed-loop
unstable system. MBP was used to stabilize the system,
yielding p= [-1.2 -1.2 4.6 0.60] after 12 iterations. MOI could
now proceed to solve the inequalities. After 43 iterations, the
final controller parameters being p = [-1.2 -1.2 3.68 0.6].

With µrs=1.03 and µrp = 1.61, the system marginally exceeds
robust stability constraint and does not satisfy the
performance robustness constraint as well.
Fig. 8 shows the closed-loop responses using this
decentralized controller.
For the full PI controller, the performance bounds are:
c1= 0.2, c2= 3, c3= 10, c4= 0.2, c5= 3, c6= 10, c7= int21=0.5,
c8= int12=0.5, c9=1, c10= 1, ε= -0.01. The initial controller
parameters are p°= [-1.7 -0.8 0.4 -0.005 -0.065 -0.02 2.9 0.8].
After 45 iterations, the final controller parameters are
p = [-1.7192 -0.7993 0.400 -0.0053 0.0195 -0.02 2.9237
0.8359]. With µrs=0.9445 and µrp =1.6399, the full controller
satisfies robust stability constraint but does not satisfy the
performance robustness constraint. With a PI controller, it
was not possible to design a system satisfying the
performance robustness constraint although it should be
possible to satisfy the constraint with more complicated
controllers. Fig. 9 shows the closed-loop responses using this
full PI controller.

Fig. 9. Closed-Loop Response using Full Controller
for the Luyben and Vinante Plant.

The vector of performance functionals is :
Φ = (ov1, rs1, s1, ov2, rs2, s2, ov3, rs3, s3, int21, int31,
int12, int32, int13, int23, µRS, µRP , ε)
(21)
where the parameters ov, rs, s, ε, µRS, µRP , intab have been
defined in (2).

Fig. 8. Closed-Loop Response using Decentralized
Controller for the Luyben and Vinante Plant.
Example 4: The plant transfer function for the 3-input,3output Tyreus Case-4 plant (1979) is:
⎡ − 1 .986 e −0.71 s
⎢
⎢ 66 .67 s + 1
⎢
⎢ 0 .0204 e − 0.59 s
⎢
G ( s ) = ⎢ ( 7 .14 s + 1) 2
⎢
⎢
− 7 .7 s
⎢ 0 .374 e
⎢ 22 .22 s + 1
⎢
⎣

5 .24 e −60 s
400 s + 1
− 0 .33 e − 0 .68 s
( 2 .38 s + 1) 2
− 11 .3e − 3.79 s
( 21 .74 s + 1) 2

5 .984 e −2 .24 s ⎤
⎥
14 .29 s + 1 ⎥
⎥
2 .38 e − 0.42 s ⎥
⎥
(1 .43 s + 1) 2 ⎥ ( 20 )
⎥
⎥
− 9 .811 e −1.59 s ⎥
11 .36 s + 1 ⎥
⎥
⎦

For the decentralized PI controller, the performance bounds
are:
c1= 0.2, c2= 30, c3= 100, c4= 0.2, c5= 30, c6= 100, c7= 0.2,
c8= 30, c9= 100, c10= int21=0.5, c11= int31=0.5, c12= int12=0.5,
c13= int32=0.5, c14= int13=0.5, c15= int23=0.5, c16=1, c17= 1,
ε= -0.01. The initial controller parameters are p°= [-14 -1
-1.8 -0.06 -0.3 -0.005]. After 15 iterations, the final controller
parameters are p = [-14.8899 -1.0859 -1.8026 -0.0636
-0.3566 -0.0044]. With µrs=0.4036 and µrp =1.2484, the
diagonal PI controller satisfies robust stability constraint but
does not satisfy the performance robustness constraint. Fig.10
shows the responses of the closed-loop system using this
decentralized controller.
For the full PI controller, the performance bounds are:
c1= 0.1, c2= 10, c3= 15, c4= 0.1, c5= 10, c6= 15, c7= 0.1, c8=
10, c9= 15, c10= int21=0.4, c11= int31=0.4, c12= int12=0.4, c13=
int32=0.4, c14= int13=0.4, c15= int23=0.4, c16=1, c17= 1,
ε= -0.01. The initial controller parameters are p°= [-13.4
-0.44 0.03 0.4 0.03 0.4 -0.2 0.0006 -1.8 -0.03 -0.2 0
-0.065 -0.005 -0.005 0.04 -0.36 -0.005]. After 18 iterations,
the final controller parameters are
p = [-13.4009 -0.4398 0.0325 0.4000 0.0325 0.400
-0.200 0.0006 -1.7913 -0.0344 -0.200 0 -0.065 -0.005
-0.005 0.04 -0.3611 -0.0045]. With µrs=0.4261 and µrp
=1.0126, it is clear that the system has stability robustness
and marginally exceeds the performance robustness
constraint. Fig. 11 shows the closed-loop responses using this

full PI controller. The figure clearly demonstrates the
effectiveness of the full PI controller in reducing σ32.

Fig. 10 Response of Tyreus Case 4 Plant to Unit Step
set-point increase using Diagonal Controllers

Fig. 11. Response of Tyreus Case 4 Plant to Unit
Step set-point increase using Full Controllers

5. CONCLUSION
Robust controllers have been designed for MIMO systems
using MOI. As expected, it is easier to search for controller
parameters such that µrs<1 than those for µrp<1. This method
facilitates performance in terms of multi-objective
specifications unlike classical optimization which expresses
performance as a single performance index. The automation
of controller “tuning”, which MOI does, confers rapid
computation of acceptable controller parameters.
In general, a full PI controller gives a system with small
interaction, less overshoot, smaller settling time and better
robustness than the decentralized controllers. However
decentralized PI controllers can be easily implemented using
two conventional analog PI controllers and have generally
given rise to systems with acceptable performance.
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