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Abstract: The paper presents a general framework for the Frisch scheme and the extended
compensated least squares technique within which two new algorithms for the identification
of single-input single-output linear time-invariant errors-in-variables models are proposed. The
first algorithm is essentially the Frisch scheme using a novel model selection criterion. The
second method is a modification of the extended compensated least squares technique, which
utilizes not only the set of overdetermined normal equations, but also the Frisch equation to
solve the parameter estimation problem. An extensive Monte-Carlo simulation compares the
novel algorithms with existing errors-in-variables identification approaches.
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1. INTRODUCTION

The identification of systems in the errors-in-variables
(EIV) framework has recently attracted considerable at-
tention. The EIV problem can be perceived as a general-
ization of the output error model structure (Ljung [1999])
in which measurement uncertainties are assumed to appear
at the output exclusively. The EIV formulation treats the
system in a symmetric manner allowing, therefore, both
the input and output signals to be subjected to potential
disturbances. This additional degree of freedom leads to a
significant increase of the overall complexity of the identifi-
cation problem giving rise to various techniques. For more
details see Soderstrom et al. [2002], Séderstrom [2007]
or Markovsky and Van Huffel [2007]. Two interesting
techniques based on the bias compensating least squares
principle (Stoica and Séderstrom [1982]) that proved to be
robust and reliable in the EIV framework are: the Frisch
scheme (FS) (Beghelli et al. [1990]) and the extended com-
pensated least squares (ECLS) (Ekman [2005a]). Whilst
the former method shows a significant noise robustness
for a low signal to noise ratio (SNR) (high noise contam-
ination) the latter technique can provide more accurate
estimates in the cases of moderate or high SNR (low noise
contamination), see Ekman [2005a].

This paper presents a generalized framework within which
two new approaches are developed by combining the FS
and the ECLS method. The resulting algorithms seem
to exhibit the relatively high noise robustness from the
FS, while retaining the precision of the ECLS technique,
especially for the moderate SNR cases.

The paper is organized as follows: in the second section
the notation used in the EIV framework together with
the assumptions made and the problem statement are
introduced. The third section reviews the ECLS algorithm

together with the FS. Section four proposes generaliza-
tions of the FS and the ECLS approach and two novel
algorithms are proposed within these frameworks. All al-
gorithms are compared in a numerical simulation study
given in Section five, whilst overall conclusions and further
work are summarized in Section six.

2. NOTATION AND PROBLEM STATEMENT

Consider a discrete linear time-invariant (LTT) single-input
single-output (SISO) system represented by the difference
equation

A(a™ )y, = Blg™Huo,., (1)

where the polynomials A(¢~!) and B(g~!) are given by
AlgHY 21 +aqg +.. . +an,qg ", (2a)
B &b+ A b ™ (2b)

with ¢~! being the backward shift operator, defined by
g~ ' £ ;1. The unknown noise free input and output
signals denoted wug, and yo, , respectively, are related to
the available noisy variables, denoted u; and ¥y, such that

ug = uo,, + U, (3a)

Yk = Yo, + Yk, (Sb)
where u; and g denote the input and output measure-
ment noise sequences, respectively. The following standard
assumptions, see e.g. S6derstrém [2006], are introduced:

Al. The LTI system (1) is asymptotically stable, i.e.
A(q™1) has all zeros inside the unit circle.

A2. All system modes are observable and controllable, i.e.

A(g~') and B(g~1) have no common factors.

The system structure, i.e. n, and n; are known a

priori and ny < ng.

A3.
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Fig. 1. Typical EIV SISO setup.

A3. The true input up, is a zero mean, ergodic random
sequence persistently exciting and of sufficiently high
order, i.e. at least of order n, + nyp.

The input/output noise sequences are ergodic, zero
mean, white processes with unknown variances oy
and oy, respectively, mutually uncorrelated and un-
correlated with the noise free signals ug, and yo,,
respectively.

A4.

A diagrammatic illustration of the typical EIV setup for
SISO systems is depicted in Figure 1.

The system parameter vector is denoted as

o7 & [a® bT] e R™, (4a)
a’ 2lay ... ap,] € R, (4b)
bT &by ... by €ER™, (4c)

where ng = n, + np. The extended regressor vectors for
the measured data are defined as

or = [—yr of ] eR™H, (5a)
20 [k oy, ] €R™T, (5b)
where
o £ [of, on ] €R™, (5¢)
Or E[~Yk—1 ... — Ypn,] € R, (5d)
Qo Euk—1. . Uk—n,] € R™. (5e)

The noise contributions in the corresponding regressor

vectors are denoted by a tilde, i.e. [], whereas the noise-
free signals are denoted by a zero subscript, i.e. [-]p. From
A4 it follows that

@k = Po, + Pk (6)
The notation .4 is used as a general notion for the
covariance matrix of the vectors c, and dj, whereas &.¢
is utilized for a covariance vector with f being a scalar,
i.e.
Sea 2 Eerdi], T2 Elenck], &p 2 Elenfi]. (7)
The corresponding estimates are denoted

1 & 1 1 o
Lo = Y endf, L2 TN el &p® Y ek
k=1 k=1 k=1

(8)
In addition, O.xq denotes the null matrix of arbitrary
dimension ¢ X d and a single index is used in the case of
a column vector as well as in the case of a square matrix,
e.g. the identity matrix I..

The dynamic identification problem in the EIV framework
considered here is formulated as:

Problem 1. Given N samples of the measured signals
{up Y, and {yx}i_,, determine the vector

9T & [GT oa ag] € Rt (9)
3. REVIEW
3.1 Extended bias compensated least squares (EBCLS)

The system (1-3) can be reformulated in the equation error
form as

Yk = 10 + ex, (10)
where the residual is given by
ex = x — @1 0. (11)

Denoting an estimate by [-], the generalized solution of the
system (10) in the least squares (LS) sense is given by

0 =31 Eay (12)
where [-]T is the Moore-Penrose pseudo inverse operator
defined by AT £ (ATA)"1AT 2, € R" denotes an
arbitrary instrumental vector with n, > ng and the co-
variance elements are defined according to (8). Note that
for the case when z = ¢ the basic LS estimate is ob-
tained, whilst an arbitrary xj gives rise to the instrumental
variable (IV) estimator (see Ekman [2005b]). Due to the
measurement noise, it is the case that unless the elements
of z are uncorrelated with @, the solution obtained is
biased. In order to achieve a consistent estimate of €, a bias

compensation procedure must be carried out Soderstrom
[2007)).

This yields the EBCLS estimator given by

A N - t/a A

OpBoLs £ (Ew - Em) (ﬁzy - Eig) )
Note that XA)W and éjg, in general, are functions of 5 and
0y depending on the elements contained in the instrument
vector z. It remains to determine the estimated input and
output measurement noise variances ¢ and &. Different
approaches are discussed in the subsequent development.

(13)

3.2 The separable nonlinear least squares (SNLS)

Omne possibility to determine 65 and 65 is the SNLS
approach. With reference to Ekman [2005b], the following
instruments are postulated

vy = [ok o) ER™, (14)

(1>

where
[ T T ] c R2n¢+2’ (153.)

T
¢k Yk Uk
ng [*yk —Yk—ng—1 .- 7yk7nafn¢] S Rn¢+1, (15b)
qﬁfk [uk Uk—mpy—1 - - - uk,nb,%} c Rmetl (15¢)

with n; = ng 4+ 2ng + 2 and ng being defined as the maxi-

mum delay used in ¢,, and ¢, . Note that ny determines
the number of additional equations that are utilised for

solving the identification problem. Consequently, the data
covariance matrices are given by

. > NN é
Ewcpé |:A(P:|a €$y:|:jpy:|
Lo Eoy
and the corresponding noise compensation matrices be-

come in the asymptotic case

~ 0"9
0 > ] ; Loy & [ oy
(2ng+2)xng 02,41

(1>

(1>

(16)

Zap 2 | ] (1)
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The underpinning idea of the SNLS is to estimate the input
and output measurement noise variances by minimizing
the norm of the resulting residuals

{64,065} = arg min Vi (o, 0y) (19)
with
Vi (Ua, Ug) £ ||§my - 5537; - (Ew - ch@) (20)

The problem given by (20) is also referred to as a variable
projection problem (see Golub and Peryera [1973] and
Osborne [2007] for more details). Moreover, the search
space of the optimization problem (20) can be restricted
substantially by utilizing the results of the FS regarding

the maximum admissible values of the input/output noise
variances (Ekman [2005b]).

In the subsequent development the EBCLS algorithm
which makes use of the input and output measurement
noise variances computed by the SNLS, is referred to as
ECLS.

3.8 The Frisch scheme (FS)

The FS approach is based on a particular case of the
EBCLS technique (13) with z; = ¢, namely the standard
bias compensating least squares (BCLS) approach. This
means that the FS aims to remove the bias embedded
in the estimates calculated via the ordinary LS method
(Beghelli et al. [1990]), hence the BCLS estimate is given
by

A~ N N -1 .

Opcrs = (Ew - 2@) Eoy- (21)
The major characteristic of the FS is that the output
(or input) measurement noise variance is expressed as a
nonlinear function of the input (or output) measurement
noise variance. The so-called Frisch equation is given by

(5’;8 = Amin[i)@y 72@7499“ (iwu 70—,&[”1)) 712@u¢y:| ’ (22)

where A\pin|-] is the least eigenvalue operator. In addition,
a maximal admissible value of o5 can be determined by

G5 = Amin [fhou - 2%% 2532%%} : (23)

Equation (22) defines a whole set of Frisch models char-
acterized by a convex curve in the noise space. In order
to solve the identification problem, it remains to select
a particular model which is uniquely characterized by an
estimate of oz. Three common model selection criteria are:

Extended model criterion (EM): The Frisch equation
is evaluated for the nominal and the extended model
structure within the range 0 < 67 < 63'**. This results
in two curves in the so-called noise plane that theoret-
ically intersect at a unique point, which corresponds to
their true values (Beghelli et al. [1990]). The algorithm
is denoted as FSgnm.

Covariance match criterion (CM): Statistical proper-
ties of the residuals computed from the system are com-
pared with those predicted from a certain model (Diversi
et al. [2003]). This algorithm is denoted as FScy.

Yule-Walker criterion (YW): The set of high order
Yule-Walker equations can be exploited, which is equiv-
alent to the utilization of an additional IV estimator
that assesses the quality of the admissible solutions. In
Diversi et al. [2006], the instrument vector is given by

g é [ukfnb*ng e ’U,k,nbfl] s (24)
where ne > ng + 1 is user specified. The corresponding
algorithm is denoted as FSyw.

A comprehensive study of these different methods can be
found in Hong et al. [2007].

4. NOVEL ALGORITHMS
4.1 Generalized ECLS framework

This section presents a generalization of the ECLS algo-
rithm, denoted the GCLS framework.

Choice of the same instrument vector xj within (20) and
(13) is unnecessarily restrictive. A more general ECLS
scheme is given by

facLs £ (2,21:,0 - iélcﬁ)T (émy - 52117) (25)
with o3 and oy being obtained by minimizing
Va(0m,09) 2 €y — €55 — (Boap — T20)

X (B = Baap) Gy = Gt I3, (26)

where p denotes a user chosen norm and zj,, 22, and
z3, are arbitrarily chosen instrument vectors. The GCLS
framework is hence given by:

Framework 1. (GCLS).

(1) Choose p and the instruments zy,, zg, and zs, .
(2) Compute the input and output measurement noise
variances, i.e.
{64,065} = arg min Vo(04q, ). (27)
wy9g

(3) Determine the parameter vector from (25).

Note that the ECLS is a particular case with p = 2 and
21, = 2o, = 23, = xj, as defined in (14).

4.2 Algorithm framework based on GCLS and the FS

Inspired by the GCLS approach, it is possible to reduce
the optimization problem given by (27) to a minimization
over a single variable only, using the Frisch equation (22).
This leads to a novel framework, denoted GCLS-FS, which
is given by:

Framework 2. (GCLS-FS).

(1) Choose p and the instruments z1,, 2o, and z3, .
(2) Compute the input measurement noise variance, i.e.

G5 = argminVa(og, 658), (28)
ca
where dependency on 65 S is substituted via (22).
(3) Compute the resulting output measurement noise
variance using (22).

(4) Determine the parameter vector from (25).

Note that the algorithms within the GCLS-FS framework
only belong to the family of FS algorithms if 21, = ¢y is



Algorithm ‘ 21y, ‘ 22, ‘ 23, ‘ Framework

‘ FS ‘ Reference

FSyw er | Ck Pk
Algorithm 1 | ¢ Tr Ty
Algorithm 2 | xp Ty T
ECLS Tk T Tk

GCLS-FS (Frisch equation utilized) | yes
GCLS-FS (Frisch equation utilized) | yes
GCLS-FS (Frisch equation utilized) | no
GCLS (Frisch equation not utilized) | no

Diversi et al. [2006]
novel
novel

Ekman [2005b]

Table 1. Overview of estimators within the proposed general frameworks.

selected. In general, z;, may contain arbitrary instruments
with the consequence that the estimated parameter vector
is not exclusively dependent on the computed input and
output noise variances. This means that {03, 05} does not
uniquely map into the parameter space, which is one of
the major characteristics of the FS (Beghelli et al. [1990]).
In the case where 21, = ¢4 holds, the ‘Frisch-character’
of the solution is retained and (28) can be interpreted
as a general model selection criterion for the FS. Hence,
this encompasses the YW criterion as a special case by
choosing zs, = (), defined in (24) and selecting z3, = .
Furthermore, it is outlined in Hong et al. [2007], that under
certain conditions the FSyw and the FSgy are equivalent,
hence the FSgy can also be interpreted in the GCLS-FS
framework.

4.8 Two particular GCLS-FS realizations

Based on the choice of the instrument vectors in (25) and
(26), an arbitrary number of estimators can be created.
Two particular choices are proposed in this section. The
first algorithm belongs to the family of FS algorithms
utilizing a novel model selection criteria. It is denoted
Algorithm 1 and the model selection criterion is defined
by selecting z1, = ¢ and 22, = 23, = xx. This means
that Algorithm 1 is equivalent to the FSyw where the
instrumental vector (i is replaced by xj given in (14).
Consequently this algorithm is the F'S with a novel model
selection criterion. The algorithm can be summarized as:

Algorithm 1.

(1) Set p = 2 and specify the instruments as z1, = @,
22, = 23, = Tk-

(2) Compute the input measurement noise variance by
(28) where dependency on 65 S is substituted via (22).

(3) Compute the resulting output measurement noise
variance using (22).

(4) Determine the parameter vector from (25) (which is
reduced to (21)).

The second algorithm, denoted Algorithm 2, does not
belong to the family of FS algorithms, since 21, = zx
is chosen. In addition, as in the case of Algorithm 1,
z9, = z3, = x is used. This means Algorithm 2 is
essentially the ECLS algorithm which, additionally, makes
use of the Frisch equation.

Algorithm 2.

(1) Set p =2 and specify the instruments as z1, = 22, =
23, = Tk

(2) Compute the input measurement noise variance by
(28) where dependency on 3% is substituted via (22).

(3) Compute the resulting output measurement noise
variance using (22).

(4) Determine the parameter vector from (25).

Remark 1. Note that the Frisch equation (22) is equiva-

lent to
~FS R
o O'g Ina+1 0 *:
(Zg, [ 0 Galn, 0 =0.

Therefore, if z; already contains @, as in the case of
Algorithm 1, the additional usage of the Frisch equation
(22) may seem redundant. However, by computing 65 via
(22), the relation (29) is forced to hold exactly. In contrast,
although the set of equations (29) has been implicitly
utilized to estimate 6, in the case of Algorithm 2 this
relation holds only approximately.

(29)

4.4 Overview

A general overview of the algorithms that can be inter-
preted in the proposed GCLS as well as in the GCLS-FS
framework is given in Table 1. The fifth column basically
allows the algorithms to be differentiated according to the
particular framework to which they belong. In addition,
as emphasized in Section 4.2, it is important to note
that, although Algorithm 2 is a member of the GCLS-
FS framework by virtue of utilizing the Frisch equation, it
does not, however, exhibit the F'S properties.

5. SIMULATION STUDIES

This section addresses a numerical analysis of the two
proposed algorithms when employed for the identification
of a standard SISO LTI second order system within the
EIV framework. The system is given by the following
discrete-time transfer function
-1 -1
G(qil) - 1.3115 _T 0.5q .
—1.5¢71 +0.7¢
where the input ug, is a white zero mean sequence with
variance 0.5. In terms of accuracy, the overall quality of the
estimators is assessed via the following two performance
criteria:

(30)

(1>

10; — 0113, (31a)
A 2

16a.; 63.4] — loa og] 2 (31b)

where j denotes the j — th Monte-Carlo simulation from

which the estimates are computed. It is remarked that

e1 assesses the quality of the estimated parameter vec-

tor, whilst e, assesses the quality of the estimated in-
put/output noise variances.

€1

A
€9 =

5.1 Experiment 1

In the first experiment Algorithm 1 and Algorithm 2
are compared with other EIV techniques, namely FSyw,
FScwm, ECLS as well as with the standard LS for com-
pleteness. In the case of the FSyw method the additional
instruments of length ng + 1 are constructed as described



Table 2. Results of the estimation of parameters and noise variances with SNR ~ 10dB and

SNR ~ 3.5dB.
| true |  FSyw | FScm | Algorithm 1 | Algorithm2 | ECLS | LS
SNR ~ 10dB
a1 [—1.500 |—1.497+0.020 |—1.4974+0.020 |—-1.500+0.011 |—1.500£0.011 |-1.5004+0.011 |-0.855+0.015
az 0.700 | 0.6974+0.018 | 0.6974+0.018 | 0.700£0.010 | 0.700£0.009 | 0.70040.009 | 0.11040.014
b1 1.000 | 0.995+0.040 | 0.996+£0.053 | 0.990+0.052 | 0.9904+0.052 | 0.9914+0.052 | 0.905+0.028
ba 0.500 | 0.5114+0.065 | 0.5124+0.063 | 0.505+0.045 | 0.505+£0.045 | 0.50540.045 1.044+0.029
oy 0.950 | 0.9484+0.028 | 0.948+0.031 0.949+0.028 | 0.949+0.028 | 0.94940.028 —
og | 0.050 | 0.05140.011 0.051+0.019 | 0.048+0.013 | 0.048+0.013 | 0.0484+0.014 —
el — 0.0074+0.007 | 0.0084+0.007 | 0.005+0.005 | 0.005£0.005 | 0.00540.005 1.070+£0.053
) — 0.00140.001 0.0014+0.002 | 0.001+£0.001 0.00140.001 0.001+£0.001 —
SNR =~ 3.5dB
a1 |—1.500 |—1.48840.049 |—1.494+0.073 |—1.497+0.041 [—1.498+0.036 |—1.5004+0.041 |—0.493+0.014
a2 0.700 | 0.689+0.045 | 0.695+0.063 | 0.698+0.036 | 0.699+0.030 | 0.700+0.034 |—0.140+0.012
b1 1.000 | 0.998+0.099 | 0.987+0.182 | 0.98540.146 | 0.98540.149 1.04940.461 0.68440.045
ba 0.500 | 0.538+0.160 | 0.5324+0.196 | 0.516+0.125 | 0.514£0.122 | 0.47940.282 1.0424+0.046
oy 4.275 4.265+0.124 | 4.266+£0.137 | 4.267£0.126 4.267+0.126 4.262+0.134 -
og | 0.225 | 0.2314+0.028 | 0.21240.092 | 0.219+0.050 | 0.219£0.050 | 0.2284+0.074 —
el — 0.0414+0.044 | 0.08240.073 | 0.040+£0.041 0.03940.041 0.296+1.817 | 2.117+0.071
() — 0.016+0.022 | 0.02740.031 0.01940.023 | 0.019+0.023 | 0.024+0.043 —
' —e-1Ls - FSuy
o= -E'—‘.._ - - _q FSYW 0.16’.7 o FSCM 1
. ‘o Te-a & FSgy E .0 Algorithm 1
10° b g ®<| .0 Algorittm 1] 0.14f - ++ -+ Algorithm 2|
o+ -+ Algorithm 2 : ‘0 ECLS
. ‘B ECLS 0.12f - 1
6; o e o
-~ ~ 14 |
ORI S i e R
: " 0 ; oosf - 1
£ e, 0 0
e o oo6F ® g
- @, <
107 ‘ ® ] 0.04f o ,
o -
®. £
8 0.02 @ 1
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(a) The mean of the performance criterion e;.

(b) The mean of the performance criterion ez.

Fig. 2. The performance of algorithms as a function of incrementally increasing SNR.

in (24). For the FScy the time shift and the weighting
matrix parameters are set to unity and the identity matrix,
respectively. The number of instruments for the ECLS,
Algorithm 1 and Algorithm 2 is set to n, = 10, i.e. ny = 2.
Two scenarios with approximately equal SNR on the input
and output are considered, i.e. SNR ~ SNR, ~ SNR,.
The first scenario exhibits SNR =~ 10dB (o = 0.050,
o5 = 0.950) whereas the second setup uses SNR ~ 3.5dB
(oq = 0.225, o5 = 4.275). The system is simulated using
200 Monte-Carlo runs and N = 5000 samples. The results
of this experiment are given in Table 2, where the mean
values and standard deviations of 19, e1 and es with respect
to the Monte-Carlo simulations are recorded.

It it observed that for the higher SNR (low noise contam-
ination) the ECLS, Algorithm 1 and Algorithm 2 produce
virtually identical results, which, with respect to e; and
its associated standard deviation, are the better among
the algorithms evaluated. Considering the lower SNR case
(high noise contamination), a substantial decrease in the
quality of the estimates produced by ECLS is observed,
particularly for the estimates of the B(q™!) coefficients.

On the contrary, Algorithm 1 and Algorithm 2 retain
their relatively superior performance yielding the best
performance for the estimates of the unknown system
parameters and hence the lowest value for the index e
in this case. Note that Algorithm 2 is characterized by
slightly lower values for the associated standard deviations
than Algorithm 1 in this case.

The index ey reveals that the FSyw method achieves
a slightly better performance for the estimates of the
input/output noise variances. Therefore, it is suspected
that in the case of Algorithm 2, it is the utilization
of the extended normal equations within the final bias
compensation phase that leads to an improved accuracy

of the estimated model parameters 0.

5.2 Experiment 2

The performances of the algorithms are evaluated con-
sidering a wider range of the potential SNR. The same
system setup is used as in Experiment 1, however the SNR,
is incrementally increased starting from about 0dB up to
about 15dB and preserving the condition SNR, ~ SNR,,.



The performance indices e; and es are recorded and their
mean values are plotted against the SNR in Figure 2(a)
and Figure 2(b), respectively.

Considering ey, it is observed that whilst the ECLS, Al-
gorithm1 and Algorithm2 are characterized by the better
estimates with similar qualities being obtained for the high
SNR cases (low noise contamination), the performance
of the ECLS deteriorates significantly for the SNR levels
lower than about 5dB. A similar observation is apparent
in Figure 2(b), when a decline in the quality of the ECLS
method is noted for the same cases. The performances
of Algorithm 1 and Algorithm 2 are virtually identical
yielding the most accurate estimates for the cases greater
than about 2.5dB. For the lower SNR cases, i.e. when
SNR < 2.5dB the FSyw method seems to produce slightly
smaller values of e;. Considering Figure 2(b) it is observed
that the FSyw obtains the most precise estimates of the
input/output noise variances, whilst Algorithm 1 and Al-
gorithm 2 in general produce the joint second bests.

6. CONCLUSIONS

The extended compensated least squares and the Frisch
scheme for the identification of dynamical linear time-
invariant single-input single-output errors-in-variables mod-
els have been reviewed within generalized frameworks. It is
shown that the well known Frisch scheme - Yule-Walker al-
gorithm as well as the extended compensated least squares
method can be interpreted as members of these general
frameworks. Moreover, two novel algorithms have been
proposed. Whilst the first method belongs to the family of
Frisch scheme algorithms using a novel model selection cri-
terion, the second method is a modification of the extended
compensated least squares technique. An extensive Monte-
Carlo simulation, which compares the proposed algorithms
for different signal-to-noise ratios, has been carried out.
For the cases considered, the new algorithms appear to
combine the advantages of the Frisch scheme and the
extended compensated least squares techniques, which can
yield an improved accuracy of the estimated parameters.

Future work could consider the consistency properties
where these features are suspected to be assured by
the properties inherited from the constituent algorithms.
Moreover, potential extensions to handle the case of
coloured noise on the system output measurements is to
be considered together with the recursive implementation
of the two new algorithms.
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