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Abstract: In this paper a hybrid system approach is considered to deal with backlash and
friction induced nonlinearities in mechanical control systems. To describe the low velocity
frictional behaviour a linearized friction model is proposed. The novelty of this study is that
based on the introduced friction model, the stability theorems developed for hybrid systems can
directly be applied for controller design of mechanical systems in the presence of Stribeck friction
and backlash. During the controller design it is assumed that the size of the backlash gap is
unknown and the load side position and velocity cannot be measured. For motion control an LQ
controller is applied. A condition is formulated for the control law parameters to guarantee the
asymptotic stability of the control system. Simulation measurements were performed to confirm
the theoretical results.
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1. INTRODUCTION
The friction and backlash are the most common nonsmooth nonlinearities that may deteriorate the control performances in the mechanical control systems. The friction
is present in every mechanical system in which the moving
parts are in contact. The backlash appears mainly in gear
transmissions where the moving parts temporarily loose
the direct contact.

ficient, q̇ denotes the velocity (or angular velocity in the
case of rotational motion), q̇S is the Stribeck velocity, τ
denotes the generalized tangential control force.

In the last years many dynamic models were introduced
to describe precisely the friction phenomena de Wit et al.
[1995], Swevers et al. [2000], Lampaert et al. [2002],
Dupont et al. [2002]. However, experimental measurements
have proved that a good static friction model can approximate the real friction force with a degree of 90%
In many mechanical systems the effect of friction and back- confidelity Armstrong-Hèlouvry [1991]. The dynamic friclash are overlapped. In these control systems a controller tion behaviour can be introduced in the static model
designed to compensate only the friction may perform poor as a bounded additive model uncertainty de Wit et al.
in the presence of backlash and vice versa. For these sys- [1995]. It was also shown in Hensen et al. [2003] that the
tems both nonlinearities must be taken into consideration switching static friction model and the dynamic friction
model predicts almost the same friction penomena induced
during controller design.
limit cycles in controlled positioning systems. Hence the
The nonlinear behavior of friction is accentuated in the low static friction model based compensation techniques still
velocity regime. If fluid lubrication is applied, decreasing have great significance for practical applications. In a
friction with increasing velocities can be expected in the recent paper Putra et al. [2007] it was shown that the
low velocity regime (Stribeck phenomena). In the high undercompensation of the friction force can lead to steady
velocity regime the friction force slowly increases with the state error, while the overcompensation can cause limit
velocity. To describe this phenomena the following model cycles. It is why precise friction compensation is necessary
can be applied:
in position control systems. Since the frictional parame
τ f or q̇ = 0 and |τ | ≤ FS
ters are slowly time varying, robust and adaptive control
τf =
(1) techniques are popular for friction compensation, see eg.
(FC + (FS − FC )e−|q̇|/q̇S )sign(q̇) + FV q̇ otherwise
Xie [2007], Makkar et al. [2007], Feemster et al. [1998].
where FC is the Coulomb friction coefficient, FS is the
The modeling and compensation of the backlash has also
static friction coefficient, FV is the viscous friction coefattracted a significant research effort over several decades.
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The recent survey paper Nordin and Gutman [2002] summarizes the introduced backlash models and compensation
methods. Some papers focus in backlash induced limit
cycles and unstable behavior, see e.g. Barreiro and Banos
[2006]. In Tarbouriech and Prieur [2006] the stability of
mechanical systems in the presence of backlash was studied
based on Linear Matrix Inequalities. Other papers deal
with the compensation of the backlash induced unstable
behavior. Inverse backlash based compensation and its
adaptive extension was proposed in Tao and Kokotovic
[1996]. Hybrid model based Model Predictive Control
(MPC) scheme for backlash compensation was introduced
in Rostalski et al. [2007]. A linear estimator for fast and
accurate estimation of the position and velocity in the
presence of backlash in automotive power trains is described in Lagerberg and Egardt [2007].
In all of these studies dealing with backlash compensation the friction was omitted or very simple friction
models were applied such as the viscous friction model.
Surprisingly few papers deal with control of systems in
the presence of backlash and nonlinear friction. The effect
of backlash and stick-slip friction in heavy-duty hydraulic
machines was studied in Nariman et al. [1996]. In the
paper Menon and Krishnamurthy [1999] a two controller
based switching control system was proposed to deal with
low velocity friction and gear backlash. A soft computing
approach for simultaneous Stribeck friction and backlash
compensation was described in Suraneni et al. [2005].
The rest of the paper is organized as follows: In Section
2 a linearized hybrid model of the nonlinear controlled
system is presented. In Section 3 the LQ controller design,
based on the model introduced in the previous section,
is described. Simulation results are shown in Section 4.
Finally, Section 5 sums up the conclusions of this study.
2. MECHANICAL SYSTEM WITH FRICTION AND
BACKLASH
To determine the dynamics of a one degree of freedom
positioning system in the presence of friction and backlash,
the so called inertia driven backlash model Nordin and
Gutman [2002] is applied. In this model two regimes are
separated: the contact mode (CM), when the load is in
contact with the motor shaft, the torque developed by the
motor acts on the load. In backlash mode (BM), that occurs
when the direction of motion changes, there is no contact
between the motor shaft and the load.
In backlash mode the dynamics is given by:

JM q̈M = τ − τf
(BM )
JL q̈L = 0

(2)

The following notations were used: qL is the load side
position, qM the load side position, JL the inertia on the
load side, JM the inertia of the motor shaft, KG the gear
ratio (q̇L = q̇M /KG ), τf the friction force.
In contact mode the load velocity will be equal with
the motor velocity, modified with the gear ratio, and the
motion on the motor side is directly influenced by the load:


2
JM + JL /KG
q̈M = τ − τf
(CM )
(3)
q̇L = q̇M /KG

On the motor side, due to the backlash nonlinearity,
the inertia of the mechanical system will be different in
backlash mode and in contact mode.
In order to determine the condition for contact mode,
denote with β the backlash gap size. For contact mode
the difference between the motor shaft position and load
position, modified with the gear ratio, should be equal
with the backlash gap size if the machine moves in negative
direction. If it moves in negative direction in contact mode,
the position difference should be equal with the negative
of the gap.
Contact mode (CM ) :

(4)

if ((q̇M > 0) and (qL KG − qM = −β))
or ((q̇M < 0) and (qL KG − qM = β))
Backlash mode (BM ) :
otherwise
The nonlinear model that describes the friction phenomena can be applied for controller design with difficulty in
the case when the backlash is also present in the controlled
mechanical system. To obtain a simpler friction model an
approximate of the Stribeck model (1) will be applied.
Assume that the mechanical system moves in (0, q̇Mmax ]
velocity domain. Consider a linear approximation for
the exponential curve with two lines: d1+ which crosses
through the (0, τf (0)) point and it is tangential to curve
and d2+ which passes through the (q̇Mmax , τf (q̇Mmax ))
point and tangential to curve (see Figure 1.) These two
lines meet each other at the q̇Msw velocity. In the domain
(0, q̇Msw ] the d1+ can be used for the linearization of the
curve and d2+ is used in the domain (q̇Msw , q̇Mmax ]. The
maximum approximation error occurs at the velocity q̇Msw
for both linearizations.
The equations for d1+ and d2+ can be obtained using
Taylor expansion:
∂τf (q̇M )
q̇M =
∂ q̇M q̇M =0


FS − FC
= FS + FV −
q̇M
(5)
q̇S
d2+ : FL2f+ (q̇M ) = τf (q̇Mmax )
∂τf (q̇Mmax )
+
(q̇M − q̇Mmax ) =
∂ q̇M
= τf (q̇Mmax )
(6)


FS − FC −q̇M max /q̇S
+ FV −
e
(q̇M − q̇Mmax )
q̇S

d1+ : FL1f+ (q̇M ) = FS +

Thus the linearization of the exponential friction model
with bounded error can be described by two lines in the
(0, q̇Mmax ] velocity domain:
d1+ : FL1f+ (q̇M ) = a1 + b1 q̇M ,
f or 0 < q̇M ≤ q̇Msw

(7)

d2+ : FL2f+ (q̇M ) = a2 + b2 q̇M ,
f or q̇Msw < q̇M ≤ q̇Mmax

(8)

The obtained submodels are linear, hence the theory of the
hybrid linear systems can be applied to solve the control
of the mechanical system in the presence of friction and
backlash.
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Fig. 1. Linearization of Stribeck friction model
The value of q̇Msw can be determined from (7) and (8):
a1 − a2
(9)
q̇Msw =
b2 − b1

If the load side position and velocity (qL , q̇L ) cannot
be measured, the applied controller for the stabilization
of the system should rely only on measurements made
on the motor side (qM , q̇M ). With the size of backlash
gap unknown it is also difficult to determine whether the
system is in contact mode or backlash mode. Hence for
the stabilization a fixed structure linear state feedback
controller is used extended with an integral term:
Zt
τ = −KP qM − KV q̇M − KI qM (ξ)dξ
(15)
0

The controller parameters should be designed in such a
way to guarantee the stability of the control system in
each partition of the state space. To achieve this, the
Similar study can be made for negative velocities. Based following stability theorem is applied: Let the dynamics
on linearization, the friction can be modeled as follows:
of the hybrid system given by ẋ = fi (x) with a rule for

switching among the submodels. If there exists a common
a + b1 q̇M , if q̇M ∈ (0, q̇Msw ]

 1
Lyapunov function candidate V for all submodels, which
a2 + b2 q̇M , if q̇M ∈ (q̇Msw , q̇Mmax ]
FLf (q̇M ) =
(10) is strictly decreasing in all of the state space partitions,
−a
+
b
q̇
,
if
q̇
∈
[−
q̇
,
0)

1
1 M
M
Msw

then the hybrid system is asymptotically stable Beldiman
−a2 + b2 q̇M , if q̇M ∈ [−q̇Mmax , −q̇Msw )
and Bushnell [1999].
Note that b1 < 0 and b2 > 0. The friction will have To solve the stabilization of the system with fixed structure
different behaviors in the low velocity and in the high controller, the following strategy is applied: the parameters
velocity regimes. If the absolute value of the velocity is of the state feedback controllers are designed for one
smaller than q̇sw the friction may induce unstable behavior partition of the hybrid system (using the LQ design
and limit cycle.
approach), then a checking relation is developed based on
This model can also effectively be used for friction identi- which the Lyapunov stability of the control system can be
fication, adaptive compensation Márton and Lantos [2007] verified in the other partitions.
and friction induced limit cycle prediction Márton [2008]. According to (11)-(14) and appropriate choice of the
By approximating the friction with the linearized fric- parameters, the state space model of the subsystem, for
tion model (τf ≈ τLf ) and considering the contact and which the LQ controller is developed, can be described in
backlash regimes (2) and (3), the mechanical system with the form given by:
friction and backlash can be modeled as a hybrid system.
!
!
q̇M
qM
In the different partitions of the state space, different
q̈M = A q̇M + Bτ
(16)
models describe the plant dynamics:
qI
q̇I
!
0
If (BM ) and (|q̇M | ≤ q̇Msw ) :

+ −sign(qM )a/J
JM q̈M + b1 q̇M = τ − a1 sign(q̇M )
0
(11)
JL q̈L = 0
!
!
0 1 0
0
If (BM ) and (|q̇M | > q̇Msw ) :
A = 0 −b/J 0
B = 1/J

JM q̈M + b2 q̇M = τ − a2 sign(q̇M )
1 0 0
0
(12)
JL q̈L = 0
qI denotesRthe integral of the position input on the motor
If (CM ) and (|q̇M | ≤ q̇Msw ) :
t


side: qI = 0 qM (ξ)dξ.
2
 JM + JL /KG
q̈M + b1 q̇M =
(13) The standard LQ design procedure is applied to determine
= τ − a sign(q̇M )
 q̇ = q̇ /K 1
the controller parameters. Let Q be a positive definite
L
M
G
symmetric matrix and r a positive scalar value. The gain
If (CM ) and (|q̇M | > q̇Msw ) :
T
vector of the controller K = (KP KV KI ) is calculated


2
 JM + JL /KG
q̈M + b2 q̇M
as:
(14)
= τ − a2 sign(q̇M )
1
 q̇ = q̇ /K
K = r−1 · B T · P
(17)
L
M
G
2

where the positive definite symmetric P matrix is given by
the Riccati equation:
P · A + AT · P − P · B · r−1 · B T · P = −Q

V (x) = x · P · x

(19)

is always negative for x 6= 0:
V̇ (x) < −xT · Q · x

(20)
T

x denotes the state vector: x = (qM q̇M qI ) .
Assume that the controller is determined for a given
partition of the state space. It is considered that in the
other partitions there is an additive uncertainty for the
friction parameter: b := b + ∆b regarded to the parameter
value for which the controller was designed and there is an
amplification type uncertainty for the inverse of inertia:
∆(1/J)
1
.
J :=
J
If the controller is designed for the low velocity regime and
the absolute value of the velocity of the machine is higher
than the Stribeck velocity, the additive friction modeling
error is: ∆b = b2 − b1 > 0, otherwise ∆b = b1 − b2 < 0.
If the controller is designed for contact mode and the
backlash mode is active, the inertia modeling uncertainty
J +J /K 2
is ∆(1/J) = M JML G > 1, otherwise ∆(1/J) =
JM
< 1.
JM +JL /K 2
G

Hence in the other partitions the state matrix A and the
vector B can be written as the original matrices extended
with modeling uncertainties:
A := A + ∆A =
(1 − ∆(1/J)) · b − ∆(1/J) · ∆b
A+
I2
J
B := ∆B · B = ∆(1/J) · B
!
0 00
where I2 = 0 1 0
0 00

+Q > 0

(18)

The LQ controller guarantees the stability of the system
in the sense of Lyapunov: it can easily be shown, that the
time derivative of Lyapunov function candidate:
T

−∆A · P − P · ∆A + (∆B 2 − 1) · r−1 · P · B · B T · P

(21)
(22)
(23)

Consider that for a given positive Q and r the controller
was determined using (18) and (17). The Lyapunov stability of the control system in the other partition is analyzed
based on the Lyapunov function candidate (19). The time
derivative of the Lyapunov function in the other partitions,
using (18), can be written as:

With the introduced notations for parameter uncertainties
it yields:
−

(1 − ∆(1/J)) · b − ∆(1/J) · ∆b
(I2 · P + P · I2 ) (26)
J
+(∆(1/J)2 − 1)r−1 · P · B · B T · P + Q > 0

The main result of this study can be formulated as
follows: If the LQ controller is designed in such way that
the relation (26) hold for each submodel (11)-(14), the
asymptotic stability of the control system is guaranteed.
The relation above is a sufficient condition for the stability.
If the controller is designed for one of the submodels of the
hybrid system, the relation (26) must be verified for all the
other submodels (11)-(14).
4. SIMULATION RESULTS
Simulations were performed in M atlab/Simulink T M environment to demonstrate the applicability of theoretical
results. The dynamics of the controlled system was simulated by implementing the models (2) and (3). For the
implementation of the friction torque the original Stribeck
model was used, given by (1). The parameters of the
controlled mechanical system were taken as:
•
•
•
•
•
•
•
•

Inertia of the load: JL = 0.5 [kgm2 ]
Inertia on the motor side JM = 0.01 [kgm2 ]
Backlash gap: δ = 0.001 [rad]
Gear ratio: KG = 5
Viscous friction coefficient: FV = 0.1 [N m/rad]
Coulomb friction coefficient: FS = 0.5 [N m]
Static Friction coefficient: FS = 1.5 [N m]
Stribeck velocity: q̇S = 0.1 [rad]

The parameters of the linearized friction model (10) were
determined based on relations (5) and (6), assuming that
q̇Mmax → ∞.
Two control experiments were performed. In both cases
the initial motor and load positions were taken 0 and the
reference position was taken qMref = 1 [rad].
In the first experiment the LQ controller was determined
for backlash mode and for high velocity regimes (|q̇M | >
q̇Msw ). For controller design the following matrices were
applied: Q = diag([100 2.5 100]), r = 1. For these
parameters the obtained control algorithm is:
τ = 11.54 (qMref − qM ) + 10

V̇ = xT · P · ẋ + ẋT · P · x =

(qMref − qM (ξ))dξ
−1.55q̇M (27)

= xT · (−Q + ∆A · P + P · ∆A−

(∆B 2 − 1) · r−1 · P · B · B T · P · x

Zt
0

= xT · (AT + ∆A) · P + P · (A + ∆A)−

∆B 2 · r−1 · P · B · B T · P · x


(25)

(24)

Hence the fixed structure controller can stabilize the
hybrid system in the sense of Lyapunov, if the following
relation holds for all partitions of the state space:

With the designed controller the relation (26) was verified
for the other three regions of the state space. It was found
that for low velocity regimes the relation (26) does not
hold. Simulation results are shown in the Figure 2. Due
to the instability in the low velocity regime the motor
position oscillates around the reference position, the limit
cycle appears.
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Fig. 2. Simulation results (LQ control designed for (BM )
and |q̇M | > q̇Msw )

Fig. 3. Simulation results (LQ control designed for (CM )
and |q̇M | < q̇Msw )

In the second experiment the LQ controller was designed
with the same Q and r matrices as in the first experiment, but for contact mode and low velocity regime. The
obtained control algorithm is:
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